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Abstract

We introduce and investigate c -open sets as a new class of sets which lies
strictly between open sets and semi-open sets. Then we use w, -open sets
to introduce w, -continuous functions as a new class of functions between
continuous functions and semi-continuous functions. We give several results
and examples regarding our new concepts. In particular, we obtain some
characterizations of w,-continuous functions.
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Introduction

Let (X, 7) be a topological space and A C X . We will denote the complement
of A in X, the closure of A, the interior of A, the exterior of A, and the relative
topology on A, by X —A, A, Int(A), Ext(A), and 7, respectively. In 1963,
Levine [7] defined semi-open sets as a class of sets containing the open sets as
follows: A is semi-open if there exists an open set U such that U CA C U, this

is equivalent to say that A C Int(A). Using semi-open sets he also generalized
continuity by semi-continuity as follows: A function f: (X,7,) — (Y, 7,) is
semi-continuous if for all V' € 1,, the preimage (V) € SO(X,1,). The
complement of a semi-open set is called semi-closed [5]. A point x € X is called
a condensation point [6] of A if for every U € T with x € U, the set UNA 1s
uncountable. Hdeib [6] defined cw-closed sets and cw-open sets as follows: A is
called cw-closed if it contains all its condensation points. The complement of an
w-closed set is called cw-open. The collection of all cw-open sets of a topological
space (X, 7) will be denoted by . In [1], the author proved that (X, 7_)isa
topological space and v C 7. Moreover, it was observed that A is w-open
if and only if for every x in A there is an open set U and a countable subset
C such that x € U — C C A. The w-closure of A in (X, 7), denoted by Zw, s
the smallest c-closed set in (X, 7) that contains A (cf. [1]). The cw-interior of
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Open Sets

Ain (X, 1), denoted by Int, (A), is the largest cw-open set in (X, 7) contained
in A. The w-exterior of A in (X, 7), denoted by Ext_(A), is defined to be
Int_(X —A). It is clear that the w-closure (resp. w-interior) of A in (X, 1)
equals the closure (resp. interior) of A in (X, 7). In 2002, Al-Zoubi and
Al-Nashef [2] used w-open sets to define semi w-open sets as a weaker form of
semi-open sets as follows: A is semi c-open if there exists an cw-open set U such
that U € A C U. The collection of all semi co-open sets of a topological space
(X, 7) will be denoted by ScwO (X, 7). Al-Zoubi [4] used semi cw-open sets to
introduce semi w-continuous functions as a weaker form of w-continuous
functions as follows: A function f: (X, 7,) — (Y, 7,) is semi w-continuous [4]
if for all V' € 1,, the preimage /~!(V) € SwO (X, 7,). This paper is devoted
to define w -opennes as a property of sets that is strictly weaker than openness
and stronger than semi-openness as follows: A is w -open if there exists an
open set U such that U C A C U”. We investigate this class of sets, and
use it to study a new property of functions strictly between continuity and
semi-continuity, and another new property of functions strictly between
slight continuity and slight semi-continuity.

Throughout this paper R, N, Q, and Q°, will denote the set of real numbers,
the set of natural numbers, the set of rational numbers, and the set of irrational
numbers, respectively. For any non-empty set X we denote by 7, the discrete
topology on X . Finally, by 7, we mean the usual topology on R.

The following sequence of theorems will be useful in the sequel:
Theorem 1.1 ([3]). Let (X, ) be a topological space and A C X. Then
(a) If A is non-empty, then (t,),, = (7,4
) (Te)e = Tor
Theorem 1.2 ([2]). Let (X, t) be a topological space. Then
(a) SO(X,7) CSwO(X, 1), and SO(X,7)# SwO (X, ) in general.
(b) 7, CSwO(X,T), and v, # SewO (X, 7) in general.
Theorem 1.3 ([1]). Let (X, 1) be a topological space. Then

(a) If (X,7) is anti-locally countable, then A" = A for all A € T, and
Int_(A) =Int(A) forall w-closed set A in (X, 7).

(b) If (X, 7) is locally countable, then t , is the discrete topology.

w,-Open sets

Definition 2.1. Let A of be a subset of a topological space (X, 7). Then A is
called w_-open of (X, 1), if there exists U € 7 such that U CAC U “and A
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is called w -closed if X —A is w,-open. The family of all w -open subsets of
(X, 1) will be denoted by w (X, 7).

Theorem 2.2. Let (X,7) be a topological space. Then v C w (X,7) C
SO(X, 7).

Proof. Let A€ t. Take U =A. Then U €rand U CAC U”. This shows
that A € w (X, 7). It follows that 7 C w (X, 7). Let A € w (X, 7). Then
there exists U € 7 such that U CAC U, but U~ C U. Thus A € SO (X, 7).
This shows that w (X, 7) CSO (X, 7). O

In the following example we will see that, in general, neither of the two
inclusions in Theorem 2.2 are equalities:

Example 2.3. Consider (R, 1), where 7 = {&,R,N,Q°,NUQ*}. It is not
difficult to check that N* = N, N = @, and Q*° = R—N. Thus Q €
SOX,7)—w,(X,r) and R—New (X,7)—7.

Theorem 2.4. Let (X, 7) be a topological space. Then

(a) If (X, ) is anti-locally countable, then w (X,7)=SO (X, 7).
(b) If (X, ) is locally countable, then T = w (X, 7).

Proof. (a) By Theorem 2.2 it is sufficient to show that SO (X, 1) C w (X, 7).
Let A € SO(X, 7). Then there exists U € 7 such that U C A C U. Since
(X, ) is anti-locally countable, then by Theorem 1.3 (a), U =U". It follows
that A € w (X, 7).

(b) By Theorem 2.2 it is sufficient to show that w (X, 7) C 7. Let us take
A€ w (X, 7). Then there exists U € 7 such that U CAC U”. Since (X, 1)
is locally countable, then by Theorem 1.3 (b), U~ = U. It follows that A = U
and hence A€ 7. O

The following example shows that w-open sets and w -open sets are
independent:

Example 2.5. Consider (R, 7) where 7 = {&,R,[0, 00)}. It is not difficult
to check that [0,00) = R. Thus[—1,00) € w (X,7)— 7, and (0,00) €
T, —w (X, 7).

Theorem 2.6. A subset A of a topological space (X, 7) is e -open if and only if

AC Int(A)".

Proof. Necessity. Let A be w -open. Then there exists some U €  such that
UCACTU”. Since U C A, then U =Int(U) C Int(A) and so U” C Int(A) .

W

Therefore, A C Int(A)
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Sufficiency. Suppose that A C Int(A) ) Take U = Int(A). Then U € t with
UCACU”. It follows that A is e -open. O

Theorem 2.7. Arbitrary unions of w_-open sets in a topological space is e _-open.

Proof. Let (X,7) be a topological space and let {A, : @ € A} C w (X, 7).
For each & € A, there exists U, € t such that U, CA, C U,”. So, we have
U,ena U, € 7, with

JucUa U cUu’

a€A a€A a€A a€A

It follows that | J,_, 4, € (X, 7). O

Corollary 2.8. If {C, : a € A} isa collection of e -closed subsets of a topological
space (X, 7), then (\{C, : a € A} is w -closed.

The following example shows that the intersection of two w -open sets need
not to be w_ -open in general:

Example 2.9. Consider (R, 7,). Let A =[0,1], B =[1,2]. By Theorem 1.3 (a),
0,1)" = (0,1) = 4, and (1,2)” = (1,2) = B. Thus 4,8 € w (X, ), but
ANB={1} ¢ w (X,7).

Theorem 2.10. For any topological space, the intersection of two w-open sets
where one of them is open is also e -open.

Proof. Let (X, ) be a topological s space, A€ rand B € w (X, 7). Choose
aset U € 7 such that U CBC U . Now we have AN U € 7, and then
ANUCANBCANT  CANU". ThlS shows that, ANBe w (X, 7). O

Corollary 2.11. For any topological space, the union of two c -closed sets where
one of them is closed is also c -closed.

Theorem 2.12. Let (X, 7) be a topological space, B a non-empty subset of X and
ACB. Then

(a) fAc w(X,7), then A€ w (B, 7y).
(b) IfB e tand A€ w (B, 7y), then A € w (X, 7).

Proof. (a) Let A € w,(X,7). Then there is U € t such that U CA C U”.
Then U =UNB CAC U’ NB. Note that U~ N B is the closure of U in
(t,,)p and by Theorem 1.1 (a), it is the closure of U in (7}),,. This shows that
A€ w/(B,Tp).

(b) Let Be v and A € w (B, 7). Since A € w (B, 1y), there is V € 7, such
that V C A C H where H is the closure of V in (B,(73),,)- Since B € 7, then
Ver. Also, VCACHC V. Therefore, A€ w (X, 7). O

Universitas Scientiarum Vol. 23 (1): 9-20 http:/ | ciencias.javeriana.edn.co/ investigacion/ nniversitas-scientiarum



Al Ghour & Mansur

13

Theorem 2.13. Let (X, 7) be a topological space. Let A € w (X, T) and suppose
that ACB CA”, then B € w (X, 7).

Proof_ Since A € a)s()i, 7), there exist_s U € 7 such ilat UCACU”. Since
ACTU”, thenA” CU. Since BC A”, then B C U”. Therefore, we have
Ucztand UCACBCU". This shows that B € w (X, 7). O

Theorem 2.14. For any topological space (X, ) we have that SO (X,t,) =
w (X,T,,)

Proof. By Theorem 2.2, we have w (X, 7,) C SO(X,7,). Conversely, let
AeSO(X,t,), then there exists U € 7, such that U CA C H, where H is
the closure of U in (X, ). By Theorem 1.1 (b), we have (7)), = 7, and so
H=TU". It follows that A€ (X, 7). O

Theorem 2.15. For any topological space (X ,7) we have the relation T =
{Int(4): A€ w,(X, 1)}

Proof. Tt follows because from Theorem 2.2 we have 7 C w (X, 7). O

Theorem 2.16. A subset C of a topological space (X, 7) is co,-closed if and only
if Int (C)C C.

Proof. Necessity. Suppose that C is w -closed in (X, 7). Then X —C is
w,-closed and by Theorem 2.6, X — C C Int(X — C)w. So

Int, (C) C Ext, (X —C)

= Ext,,(Ext(C))
=X —Ext(C)"

=X —Int(X—C)"
ccC.

Sufficiency. Suppose that Int, (C) € C. Then

X—CCX—Int,(C)
=X —Ext_(X—C)
=X —Ext_ (Ext(C))
= (Ext(C))”
=IntX —C)".

By Theorem 2.6 it follows that X — C is w -open, and hence C is w -closed.
]
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Definition 2.17. Let (X, 7) be a topological space and let A C X.

(a) The w -closure of A in (X, 7) is denoted by A“" and defined as follows:
AY = m{C : C is w,-closed in (X, 7) and A C C}.

(b) The w,-interior of A in (X, 7) is denoted by Int,, (4) and defined as
follows:

Int, (A)= U{U : U is w,-open in (X, 7) and U C A}.

Remark 2.18. Let (X, 7) be a topological space and let A C X. Then

(a) A” is the smallest w_-closed set in (X, T) containing A.

(b) Ais w,-closed in (X,7)if and only if A=A"".

(c) Int,, (A) s the largest w -open set in (X, 7) contained in A.

(d) Ais w -open in (X, ) if and only if A =Int,, (A).

(e) x €A™ if and only if for every B € w (X, 7) with x € B, ANB # @.

(f) Int,, (X —A)NA” = 2.

(g) X =Int, (X —A)UA™.

(h) X —A" =Int, (X —A) and X —Int, (X —A)=A".

Theorem 2.19. Let f: (X,7) — (Y,0) be an open function such that
f:(X,t,)— (Y ,0,) is continnous. Then for every A € w (X, 7) we have
fA) e w(Y,0).

Proof. Let A€ w (X,0). Thenthereexists U € T suchthat U CA C U, and
so f(U)C F(A)C F(U”). Since f: (X,7)— (Y,0) is open, then f(U)E€ 0.
Since f: (X,7,)— (Y,0,,) is continuous, then f(U") C f(U)w. It follows
that f(A4) € w (Y, 0). O

The condition “open function” cannot be dropped from Theorem 2.19 as
shown by:

Example 2.20. Consider f: (R, 74, ) — (R, 7,), where f(x) =0forall x € R.
Then it is obvious that f: (R,(74.),) — (R,(7,),,) is continuous. On the
other hand, {0} € w (R, 7. ) but f({0}) ={0} ¢ w,(R, T,).
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w,-Continuous functions

Definition 3.1. A function f: (X,7) — (Y ,0) is called w -continuous, if
for each V € o, the preimage f~/(V) € w (X, 0).

Theorem 3.2. The notions of continuity satisfy that

(a) Every continuous function is c -continuous.

(b) Every e, -continuous function is semi-continuous.
Proof. Theorem 2.2. O

The following example will show that the converse of each of the two
implications in Theorem 3.2 is not true in general:

Example 3.3. Let f,g: (R,7) — ({4, b} , 74,.), with 7 as in Example 2.3 and

a ifxeN a ifxeQ
f(x)= . and g(x)= . i
b iftxeR—N b itxe@

Since f7!({a})) =Ner C w(R,t)and f7'({l}) = R—N € o (R,7)—
7, then f is w,-continuous but not continuous. Also, Since g7'({a}) =
Qe 1t CSO(X,7)and g7 '({b}) = Q € SO(R,7) — w (R, T), then f is
semi-continuous but not w-continuous.

Theorem 3.4. Let f: (X,7)— (Y, 0) be a function.
(a) If (X,7) is locally countable, then f is continuous if and only if f is

w,-continuous.

(b) If (X, ) is anti-locally countable, then f is w -continuous if and only if f
1 Semi-continuous.

Proof. (a) It is a consequence of Theorems 2.4 (a) and 3.2 (a).
(b) It is a consequence of Theorems 2.4 (b) and 3.2 (b). N

Theorem 3.5. A function f:(X,t) — (Y,0) is w,-continnous if and only if
for every x € X and every open set V' containing f (x) there exists U € ew (X, T)
such that x € U and f(U)C V.

Proof. Necessity. Assume that f: (X,7) — (Y ,0) is w,-continuous. Let
us take V € o with f(x) € V. By w,-continuity, (V) € w (X, ). Set
U=f"Y(V). Then U € w (X, ) satisfies x € U and f(U)C V.

Sufficiency. Let V € 0. For each x € (V') we have f(x) € V, and thus there
exists U, € w (X,7)suchthat x € U, f(U,)C V,and x € U, C f71(V).
Thus f~4(V)=J{U, : x € f7'(V)}. Therefore, by Theorem 2.7, it follows
(V)€ w,(X,1). This shows that f is w -continuous. O
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16 Open Sets

Theorem 3.6. Let f: (X,7) — (Y,0) be a function. Then the following
conditions are equivalent:

(a) The function f is cw -continuous.

(b) Inverse images of all members of a base B for o arein w (X, 7).
(¢) Inverse images of all closed subsets of (Y, o) are e -closed in (X, T).
(d) For every AC X we have f(A”) C f(A).

(e) For every B CY we have mws C f~\(B).

(f) Forevery BCY we have f~'(Int(B)) CInt,, (f~'(B)).

Proof. (a) = (b). Obvious.

(b) => (c). Suppose A is a base for o such that f~'(B) € w (X, 7) for every
B € AB. Let C be a non-empty closed subset of (Y, 0). ThenY —C € —{&}.
Choose B* C % such that Y —C = J{B : B € %*}. Then

X—fH(C)=f(Y=0)
—f—l(U {B:Be A})
=U{f7'(B):Be B}.

By assumption f~'(B) € w,(X, 7) for every B € %B*, then by Theorem 2.7
we have X — f71(C) € w (X, 7), and hence f~(C) is w,-closed in (X, 7).

(c) = (d). Let A C X. Then ]@ is closed in (Y,0), and by (c)

f7H(f(A)) is wclosed in (X, 7). Since A C f7'(f(A4)) € f'(f(A)), and

FA(F(A)) is w,-closed in (X, T), then A~ C f~'(f(A)), and thus f(A”) C
fETfA)) Ef(A).

() = () Let BC Y. Then /~(B) C X, and by (@) f(f(B)") C
F(f=(B)) C B. Therefore, f~1(B) " < f~'(B).

(e) = (f). Let B C Y. Then by (e), f Iy ) C f~Y(Y —B). Also by
Theorem 2.19 (h), X — X —f—l(B)wS =Int,, (f_l(B)). Thus,

f(Ine(B) = f (Y =Y —B)
=X —f7(Y—B)
CxX—f(Y—B)"
=X-X—/(8)"
= Int,, (/7'(B). =

Lemma 3.7. Let (X, 7) be a topological space and let A C X. Then

A” = AUInt,(A).
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Proof. Since A”" is w,-closed, then by Theorem 2.15 Imw((Z“*)) =

Intw(zws)_g 71(05. Therefore,_Intw(Z) - In&()((Z‘“‘)) C A™, and hence
AUInt, (A) CA”. To see that A~ = AUInt_ (A), it is sufficient to show that

AUInt(A) is w,-closed. Since Int,, (A) C A, then Int, (A) C A. Therefore,

Int, (AUInt, (A)) =Int, (AUInt, (A))

=Int,(A)
C AUInt(A),

and by Theorem 2.15 it follows that AUInt_(A) is w -closed. O

Theorem 3.8. Let f:(X,7) — (Y,0) be a function. Then the following

statements are equivalent:

(a) [ is w,-continnous.

(b) For every A C X we have f(Int(A)) C f(A).
(¢) Forevery B CY we have Int,(f~'(B)) C f~1(B).

Proof. (a) = (b). Suppose that f is w -continuous. Let A C X. Then by
Theorem 3.6 (d), /(A”*) C f(A). Therefore, by Lemma 3.7 we have

f(Int_(A) C f(A™) C f(A).

(b) = (). We will apply Theorem 3.6 (d). Let A € X. Then by (b), we
have f(Int,(A)) C f(A). Also, we have f(A) C f(A) always. Therefore, by

Lemma 3.7 we have

f(A”)= f(AUInt,,(A))
f(A)U f(Int (A))

(4)-

N
~

(@ = (c). Suppose that f is w -continuous. Let B C Y. Then by
Theorem 3.6 (e), f~(B ) C f~'(B). Therefore, by Lemma 3.7 we have

Int,,(f~1(B)) C f~1(B) " C f~\(B).

(c) => (a). We will apply Theorem 3.6 (). Let B C Y. Then by (c), we have
Int, (f—'(B)) C f~'(B). Also, we have f~/(B) C f~!(B) always. Therefore,
by Lemma 3.7 we have

f7I(B) " =fT(B)Ulnt,(f~1(B)) C f(B). 0
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Theorem 3.9. If : (X, 7) — (Y, 0) is w,-continuons and g: (Y,0) — (Z, A)
is continuous, then g o f: (X,7)— (Z, A) is a w,-continunous.

Proof- Let V € A. Since g is continuous, then ¢g7!(V) € o. Since f is
w,-continuous, then (go /) (V)= g (V) € w (X, T). O

In general, the composition of two w-continuous functions does not need to
be w,-continuous as the following example clarifies:

Example 3.10. Let f,g: (R, 7,) — (R, 7,), where

f<x):{x fx<1i g(x):{o ifx<1

0 ifx>1 3 ifx>1

Then
0 ifx;él
3 ifx=1

(gOf)(X)={

Since f and g are obviously semi-continuous and (R, 7,) is anti-locally
countable, then by Theorem 3.4 (b) f/ and g are w_ -continuous. On the
other hand, since (2,00) € 7, but (g o f)7!(2,00) = {1} ¢ w,(R,7,), then
g o f is not w -continuous.

Theorem 3.11. Let {f, : (X,7) = (Y,,0,)},en be a family of functions. If
thefunction f: (X’T) - (HaeA Ya’ Tprod) deﬁned by f<x> = (f;z(x))aeA is

w, -continuous, then f, is w_ -continuous, for every a € A.

Proof. Suppose that f is w,-continuous and let S € A. Then f; =mz0 f
vxfhere g (1_[0['GA Y s Torod) = (Y3,0p) 1s the p%‘ojection function on Y.
Since 7 4 is continuous, then by Theorem 3.9, f5 is w,-continuous. O

The following example will show that the converse of Theorem 3.11 is not
true in general:

Example 3.12. Define £, g: (R, 7,) = (R, 7,),and b: (R, 7,) = (RxR, 7 4)
by

]2 ifx<0 =2 ifx<0 . O — (£(x). ofx
f(x)—{_z g oo’ g(x)—{ ) x>0 d h(x)=(f(x) g(x)).

Since f and g are obviously semi-continuous, and (R, 7,) is anti-locally
countable, then by Theorem 3.4 (b) f/ and g are w -continuous. On the
other hand, since (0, 00) x (—00,0) € 7,4 but h~((0,00) x (—00,0)) =
{0} ¢ w (R, 7,), then 4 is not w,-continuous.
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Theorem 3.13. Let {f,: (X,7) = (Y,,0,)}yen be a family of functions. If f,
is w -continuous for some ay € A, and if f, is continunous for all « € A —{a,},

then the function f: (X, 7) = ([ T,ea Yo Torod) defined by f(x) = (f,(x)),en i

w,-continuous.

Proof. We will apply statement (b) of Theorem 3.6. Let A be a basic open
set of ([ Tpea Yo» Tproa)> Without loss of generality we may assume that 4 =
(U, )N (U, )N---N 7, (U, ), where U, is a basic open set of Y, for

all: =0,1,...,n. Then

[T A) =y 0 /YU NN (7, 0 )G, ) NN (7, 0 f)7(U,))
= (U NN[(LG N0 1T, )]

By assumption (U, ) € w(X,7)and f'(U, ) € T forall i =0,1,...,n.
Thus (ﬂ:l(Ua1)) n---N (fa:l(Uan)) € 1, and by Theorem 2.9, we have that
FY(A) € w (X, 7). It follows that f is w -continuous. O

Corollary 3.14. Let f: (X,7) — (Y,0) be a function and denote by

g:(X,7) = (X XY, 7,,4) the graph function of f given by g(x) = (x, f (x)),
for every x € X. Then g is cw -continnous if and only if [ is e -continuous.

Proof. Necessity. Suppose that g is w -continuous. Then by Theorem 3.11, f

1s w -continuous.

Sufficiency. Suppose that f is w -continuous. Note that h(x) = (I(x), f(x))
where I: (X,7) — (X, 1) is the identity functions. Since the function 7 is
continuous, then by Theorem 3.13, g is w, -continuous. O
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Intermedio entre conjuntos abiertos y semiabiertos

Resumen. Introducimos e investigamos los conjuntos w,-abiertos como
una nueva clase de conjuntos que se ubica estrictamente entre los conjuntos
abiertos y semi-abiertos. Usamos los conjuntos @ -abiertos para introducir
las funciones w,-continuas como un nuevo tipo de funciones que se
encuentran entre las funciones continuas y semicontinuas. Proporcionamos
varios resultados y ejemplos relacionados con nuestros nuevos conceptos.
En particular, obtenemos algunas caracterizaciones de las funciones
W -continuas.

Palabras clave: Conjunto semiabierto; Conjunto w-abierto; Funcién
semicontinua

Intermédio entre conjuntos abertos e semiaberto

Resumo. Introduzimos e investigamos os conjuntos @ -abertos como uma
nova classe de conjuntos que se localiza estritamente entre os conjuntos
abertos e semiabertos. Usamos os conjuntos wgabertos para introduzir as
funcdes w;-continuas como um novo tipo de fun¢ao que se encontram entre
as fungoes continuas e semicontinuas. Proporcionamos varios resultados
e exemplos relacionados com nossos novos conceitos. Particularmente,
obtemos algumas caracterizac¢oes das func¢bes ws-continuas.

Palavras-chave: Conjunto semiaberto; Conjunto w-aberto; Funcao
semicontinua
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