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Abstract

The main goal of this article is to study a new class of nonlocal operators and
the Cauchy problem for certain parabolic-type pseudodifferential equations
naturally associated with them. The fundamental solutions of these equations
are transition functions of Markov processes on an 7-dimensional vector space
over the p-adic numbers. We also study some properties of these Markov
processes, including the first passage time problem.
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Introduction

Markov processes on ultrametric spaces have been of strong interest in the
last years due their connections with models of complex systems. These
processes are very convenient to describe phenomena where the display of
space states exhibits a hierarchical structure, see e.g., [1-16] and the references
therein. Frauenfelder, Parisi, and Stain, among others [9, 15], proposed to
describe the states of complex biological systems with a natural hierarchical
organization using ultrametric spaces. Avetisov et al. have constructed models
of ultrametric diffusion constrained by hierarchical energy landscapes, see
[1-6]. From a mathematical point of view, the structure of the space of
configuration states of a complex system is approximated by an ultrametric
space Q, (see Definition 2.1). On the other hand, the time-evolution of
a complex system can be described by a parabolic-type pseudodifferential
equation in Q,. This master equation controls the time-evolution of the
transition function of a Markov process.

The first author ez al. [17] introduced a class of nonlocal operators determined
by radial functions and solved the associated Cauchy problem. Furthermore,
they associated a Markov process to each operator and studied the related
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382 Functions, operators and processes over p-adic numbers

problem of the first return. This problem was studied first in dimension one
by Avetisov, Bikulov and Zubarev [2]. Then the authors treated the same
problem in dimensions 2, 3 and 4 for elliptic forms [18-21].

In this article, we introduce an operator class in arbitrary dimension, that
unlike the one introduced in [17], is determined by non-radial functions and
includes the elliptic operators studied in [12, 19, 22] (see Definition 3.2). We
also solve the Cauchy problem for the master equations attached to these
operators (see Theorem 4.6). Moreover, we attach to each of these operators a
Markov process (random walk) which is bounded and has no discontinuities
other than jumps (see Theorem 5.8). Finally, we study the first passage time
problem (see Theorem 6.9).

The article is organized as follows: In Section 2 we review the basic notions
of p-adic analysis, and in Section 3 we introduce a new type of nonlocal
operators. Given an operator, we study the Cauchy problem for its master
equation in Section 4 and its Markov process in Section 5. Finally, Section 6
is devoted to the first passage time problem for the previous Markov process.

Preliminaries

In this section we collect the basic results on p-adic analysis which will be
used in this work. For a detailed exposition on this theory the reader may
consult [11, 23, 24].

The field of p-adic numbers

Throughout this article p will denote a prime number different from 2. We
consider the field of rational numbers Q endowed with the p-adic norm |-,

which is defined as
w 0 if x=0,
=Y ifx= ot
p ix p b’

where a and b are integers coprime with p. The integer y := ord(x), with
ord(0) := +o0, is called the p-adic order of x.

Definition 2.1. The field of p-adic numbers Q,, is defined as the completion
of Q with respect to |- | .

With an abuse of notation, we keep denoting by |- |, and ord the natural
extensions of the previous norm and order to Q. In particular, the relation

x|, = p7ord® holds for any x € @,\ {0}. In addition, we extend the order
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and norm to Q7 by taking ord(x) := min, ;. {ord(x;)} and

—ord
or (X):lzliaél|xi|17’ forx:(xl,...,xn)EQ;.

llll, = p

A non-zero p-adic number x has a unique representation as a Laurent series
in p given by

x :pord(’C)Zx]-pj, where x; € {0,1,2,...,p—1}, x, #0.
j:O

Us‘mg this expansion, we define the fractional part {x},, of x € Q,, as the
rational number

0 if x =0, or ord(x) > 0;
{x}l’ = ord(x) o—ord(x)—1 i if ord 0
A I x;p’ if ord(x) <O0.
For y € Z, we write B)(a) = {x € Q} : ||x—al|, < p"} =B)(a,) x--- X B (a,)
for the ball of radius p” with center at a = (ay,...,a,) € Q). We also write
B7(0):=B?". Note that Bj(0) = Z}, is the product of  copies of the ring of
p-adic integers Z.. If A C Q" we denote by 1, (x) the characteristic function
of A. If A= B we write Q(||x||,) = Lgn (x) instead.

The Bruhat-Schwartz space

A complex-valued function ¢ defined on Q) is called locally constant if for any
x € Q) there exist an integer /(x) € Z such that

p(x+x")=¢(x) for x' € Bjiy- (1)

A function ¢ : Q) — C is called a Brubat-Schwartz function (or a test
function) if it is locally constant with compact support. The C-vector space
of Bruhat-Schwartz functions is denoted by $(Q7) := S. For ¢ € S(Q7), the
largest of such numbers [ = [(¢) satistying (1) is called the exponent of local
constancy of ¢. The set of all distributions (linear functionals) on $(Q}) is

denoted by §'(Q}):=§".

Set y,(7) =exp(2ri{y},) for y € Q,. The map y,(-) is an additive character
on @Q,, i.e. a continuous map from @, into the unit circle satisfying that

)(p(yo +y1) = Xp(yo))(p(yl)’ for Yos V1 € Qp'

Given ¢ = (&},...,¢,) and x = (x;,...,%,) € Qg, the Fourier transform of
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@ € $(Q}) is defined as

(Fc0)=0(E) = (Fp)E) = f 1,(E XpE)dx, for & €,
@

where & -x:= 37" &.x;, and d”x is the Haar measure on Q) normalized by

the condition Vol(B}') = 1. The Fourier transform is a linear isomorphism

from S(Q7}) onto itself satisfying (F (F ¢))(&) = p(—E).
The Fourier transform F [ f ] of a distribution f € §'(Q7}) is defined by

(Zf19) =0 (9), forall g € S(Q}).

The Fourier transform f — [ f]is a linear isomorphism from §(Q}) onto

§'(Q%). Moreover, f =F [F [f1(—¢)].

A New Class of Nonlocal operators over Q7

Let & be the C-vector space of all functions ¢ : Q; — C, such that there exists
aball B, with deperiding only on ¢, and ¢ (x + x/)~: ¢ (x) for any x’ € B
Notice that §(Q7) C . We identify any element of & with a distribution on
Q7. We now recall the following fact: 7' € §" with supp(T') C By, if and only

if T € & and its parameter of local constancy is greater than or equal to —N,
cf. [11, p. 109] or [24, Proposition 3.17].

Definition 3.1. Let g() € Q}[¢,, ..., &, ] be anon-constant polynomial. We
say that g(&) is an elliptic polynomial of degree d, if it satisfies the following
two conditions: (i) the polynomial g(£) is homogeneous of degree d, and

() g(§)=0if and only if £ =0.

We note that if g(&) is elliptic, then cg(&) is also elliptic for any
c €Qj. Furthermore, there are infinitely many elliptic polynomials cf.
[25, Lemma 24].

Definition 3.2. Let 2(Q}) denote the subset of all continuous functions

f:Q} — Q,, that satisfy the following conditions: (/) f is a homogeneous
function of degree d > 1, d € N; (i) f(£)=0if and only if £ =0.

Note that if g(¢) is an elliptic polynomial of degree d, then g(&) € A(Q}).

Example 3.3. Let A, u € Q;, be different and not squares. Then f5: Q3 — Q,
given by
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P 3
fa(x,y) = ﬁ if (x,y)7#(0,0

0 if (x,y)=1(0,0),

belongs to (Q7}) for any 8> 1, B € N. In general if f,(x), f,(x) € A(Q})
with degrees of homogeneity d, and d,, respectively, and d, > d,, then the

function gs: Q) — Q, given by

My if x#0,

0 if x=0,

belongs to A(Q}) for each 5> 1, 5 € N. It is also easy to see that if f,(x),
f(x) € AQ}) and A € Z is a quadratic non-residue module p, then the

functions £7%(x) — A4 (x), f(x)f(x) € A(Q?) for any integer B > 1.
Lemma 3.4. If f € A(Q7), there exist positive constants A, A,, such that
ANIENS <IFEN, SAIENG,  forany & €. @

Proof. The result is clear for £ = 0. Let £ # 0, we write { = p7 &, with
|I&ol], = 1 and y = ord(&). Since f is homogeneous of degree d, then

£, =1pFE, =€l 1 (&),

Since |f], is continuous and U := { x € Q| ||x||, = 1} is a compact subset,
we have thatA = glnf £ (&)l ,» Ay = sup |f(§0)|p, and this values are attained
&eU

on U, for this reason,

AIENS <IFEN, =1ENS 1 (&N, < ANIENS. -

Given ¢ € §, positive constants &, and a function f € 9[(@;), we define

(W, 9)() =k J )=9() g, o)

a—l—d

When f is an elliptic quadratic form and 7 = 2,3 and 4, the operator W,
was studied in [19] and [22]. These operators are well-defined because the
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inequalities in (2) and the continuity of |f|, imply that
d”y

a+5

FOIl,

< oo,

Ivll,>p!

for any / € Z and any a > 0.

Lemma 3.5. The linear operator W : & — & is well-defined. Moreover, from
W arises a pseudodifferential operator, namely

9<Wfso><5>=/e< f M

Iy )T ). @
L 1O

Proof. Let g € & and [ its parameter of locally constancy. Note that

Long (%)

(W p)(x) =k———
fG)ly

e ple) +p(x) J 4y 6

a+%
bl > |f(y>f’ '

Thus, by using taking Fourier transform (in §’) we obtain

1=y, (x-&
F(Wro)S)=F <J Lgpar () % dnx> (Z ) (&)
@

Since supp(F ¢) C B”, and F ¢ € §', it follows that

1— :
s &)=k [ D ), =
T
Remark 1. Let ¢ € $(Q7) € LA(Q}), with 1 < p < co. By Young’s inequality
the first term on the right-hand side of (5) belongs to L°(Q7), and by (2) the
second term in (5) also belongs to L#(Q7}). Thus W, : $(Q7) — L°(Q}) is a
well-defined linear operator and gives rise to a pseudodifferential operator,

(W p)x)=kZ (A[E)T, c0),

where

Universitas Scientiarum Vol. 24 (2): 381406 bitp:/ | ciencias.javeriana.edn.co/ investigacion/ nniversitas-scientiarum


http://ciencias.javeriana.edu.co/investigacion/universitas-scientiarum

Chacon-Cortés & Casas Sdnchez, 2019 387

Corollary 3.6. For a >0, A/(&) is a negative function with associated Levy
measure dL°(y) = |f ()],” * d"(7).

Proof. See [26, Lemma 18.18]. O

A similar representation for A,(x) = [|x||*, @ > 0, was found by Kochubei,
see [ 16, Proposition 2.3].

Some additional results

Lemma 3.7. There exist positive constants C,, C,, such that

CIEI <A S GIEN, foramy & Q.

Proof. We write & = p7 &y, with y = ord(¢) and |||, = 1. Then

1_)(p(]7yy'£o)

Af (5) = a+§
o Ol

d"y.

By making the following change of variables

z =Py
an :p—nydny’

and using the homogeneity of f, one gets

1_)(;;(2'50)
M

A ©=lelt’ | &z,
@
Thus, we have that

ClIEIE <A[E) < GlIEN,

where

C, = inf <J Md”z),

&€z a+y
e Q; |f(z)p ‘
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C,= sup <J 1—)([]—(2'50)&2)' O

&t g, |f @)
Remark 2. The function A satisfies A/(t&) = |t|;dAf(§) for all t € Q5.
Furthermore A /() =0if and only if £ =0.

The following corollary will be very useful when we use Lebesgue’s
Dominated Convergence Theorem.

Corollary 3.8. If 8 >0, then

—(Bp+n
f [E1 O < 0%, for1 < p < o0 and £ >0,
Q7

Proof. By Lemma 3.7

] = J ||§||5P e—pktAf(§) d"& < J ||é’||fP e—Cm/etIlEII;d d"E.
Q; Qp

. S
Let m be an integer such that p™~! <tz < p™, then

—(m— ad
1< [ ez ol g,
Q
now by changing variables using z = p~"" D& we have

IgC(k,p,ﬁ)ti(ﬂaT”), for t > 0. O

Heat Kernels
In this section we study the asymptotic properties for the heat kernels.
For ¢ >0 and x € Q) we define a heat kernel as the function
Z(x,t;f k):=2Z(x,t)= J)(p(—x LE)e kA gnE
@

By Corollary 3.8, Z(x,t) = gf'g__l)x[e_kmf(f)] e Ll(@;) ﬂLz(Qg) for t > 0.

When considering Z(x, t) as a function of x for ¢ fixed we will write Z, (x).
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Theorem 3.9. Z(x, t) satisfies the following properties:

(i) Z(x,t) < C(n, p)t~=, foramy t >0;

(1) f Z(x,t)d"x =1, forany t >0;
Q

(1) Z,(x)€ C(Q},R) ﬂLl(Q;) ﬂLZ(Q;), forany t >0;
(v) Z,(x)*Z,(x)=Z,,,(x), forany t’, t > 0;

— 4t

(@) tli%l Z(x,t)=3(x) i S'(Q}).

Proof. (1) It follows from Lemma 3.7 and Lemma 3.8. For the proof of other
properties see [ 18, Theorem 4.3]. O

The Cauchy Problem

In this section we use the theory of semi-groups on Hilbert spaces to solve
the inhomogeneous and homogeneous Cauchy problems associated with the
operator Wr.

Proposition 4.1. The operator W, satisfies the properties

(i) (Wp)(x) = kﬁg_l)x<Af(§)gz'x_)gg0) Jor ¢ € S(Q}), and the image
Wrp € C(Q))NLAQ,) for 1 < p < oo. The operator W, extends
to an unbounded and densely defined operator in LZ(Q;) with domain

Dom(Wf):{<p€L2:Af(f)ggﬂeLz}. (6)

(i) (— W, Dom (W, )) is positive and self-adjoint operator.

(i1i) W, is the infinitesimal generator of a contraction C, bounded semigroup

(Z(8)) 120

Proof. (i) It follows from Lemma 3.5, Remark 1 and the fact that A/($) is
continuous, c.f. Lemma 3.7. Property (ii) follows from the fact that the

Fourier transform preserves the inner product of L* and that the W, is a
pseudodifferential operator. (iii) See e.g., [27, Chap. 2, Sect. 3] or [28]. [
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Consider the following Cauchy problem:

%(x,t)—l—(wfu)(x,t)zo, x€Q}, t €[0,00), -
u(x,0) = uy(x), uo(x) € Dom (W),

where (W, ¢)(x) = /egf'g_l)x<Af(§)§x_,§¢> for € Dom (W, ), see (6), and
u:Q} x [0,00) — C is an unknown function. We say that a function #(x, ¢)
is a solution of (7), if u(x,t) € C'([0,00),L*(Q7))N C([0, 00),Dom (W} ))

and # satisfies (7) for all £ > 0.

In this section, we understand the notions of continuity in ¢, differentiability
in ¢, and equalities in the L*(Q}) sense, as it is customary in the semigroup
theory.

From Proposition 4.1 we have that the operator W, generates a C; semigroup
(7 (t)),=0> s0 the Cauchy problem (7) is uniquely solvable with the solution
continuously dependent on the initial data, and its solution is given by
u(x,t) =T (t)uy(x), for t >0, see e.g., [28, Theorem 3.1.1]. However the
general theory does not give an explicit formula for the semigroup (7(t)),-,.
In order to prove that for ¢ > 0 the operator 7 () coincides with the operator
of convolution with the heat kernel Z, « -, we first construct, without using
the semigroup theory, a solution of Cauchy problem (7) with the initial value
uo(x) € S(Q})- Then we extend the result to all initial values from Dom (W),
see Propositions 4.3 and 4.5.

Homogeneous equations with initial values in $(Q})
Let us define the function

n(x,t)=Z,(x)* unyx), fort >0, (8)
where #4(x) 1= Z s 1y = (Z,(x) % 1#5(x)) |,=o-

Since #, € $(Q}) C L>(Q}) and Z,(x) € L' for t >0, then the convolution
exists and it is a continuous function.

Lemma 4.2. Let u(x,t) be defined for t >0 as in (8) and u, € S(Q})) with the
support of u, contained in By Then the following assertions hold:

(i) u(x,t) is continuously differentiable in time for t > 0, and its derivative
is given by
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Ju(x,r) _ g

> (e, (€)) 5 molx);

(1) u(x,t) € Dom (W) for any t >0, and
(Wpu)(x,t)= /eﬁ'g_lm <e_ktAf(5)Af(§)1BN(§)> s tg(X).
Proof. The proof is similar in spirit to one given for Lemma 6.1in [18]. [

The following result is a direct consequence of Lemma 4.2.

Proposition 4.3. If u, € S(Q7) and t > 0, then u(x,t) = Z,(x) * uo(x) is a
solution of Cauchy problem (7).

Homogeneous equations with initial values in 2*(Q})

Lemma 4.4. For any fixed t > 0, the operator T(t): L(Q}) — LX(Q7}) defined

by the formula:
Z xu if t>0,
T(tw=4{ / 9)
u if t=0,
is bounded.

Proof. For t > 0, the result follows from Young’s inequality by using the facy
that Z, € Ll(Qg), c.f. Theorem 3.9 (iii).

Proposition 4.5. The semigroup (T (1)), (see Proposition 4.1 (11)) coincides
with (T(t)),s, (see (9). Moreover, the Caunchy problem (7) is well-posed with
solution u(x,t)=Z, * u,, fort > 0.

Proof. The operators 7 (t) and T(t) are bounded and defined on the whole
LZ(QZ) (Lemma 4.4) and by continuity we have that 7(¢) = T(¢) on LZ(QZ),
since 7 (t)|g = T(t)|s (Proposition 4.3). The affirmation follows from
results of the semigroup theory, see e.g., [28, Theorem 3.1.1], [27, Chap.2,
Proposition 6.2]
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Non-homogeneous equations

Consider the following Cauchy problem:

%(x, t)—I—Wf u(x,t)=g(x,t), x€ Q;, t€[0,T], T >0, (10
u(x,0) = uy(x), uo(x) € Dom (W ).

A solution of (10) is given by a function #(x,z) € C([0,T),Dom (W, )N
C'([o, T],L%Q;)) such that u(x, t) satisfies equation (10) for ¢ € [0, T].

Theorem 4.6. Assume that g € C([0,00), L(Q7)) N L'((0, 00), Dom (W ))
and let n, € Dom (W) be given. The function

u(x,t):fZ(x—E,t)uo(E)d”S—kaZ(x—f,t—&)g(é',@)dngd@,
Q7 0 QF

is the unique solution of (10).

Proof. The result follows by using some well-known results of the semigroup
theory, see e.g., [28, Proposition 4.1.6] and Proposition 4.5. O

Finally, we conclude that the heat kernel Z,(x) is a positive function.

Lemma 4.7. The Z,(x) function satisfies

Z(x,t) >0, for (x,t)€Q) x(0,T].
Proof. It is sufficient to show that

x0)= | 26—y p0)dy 20
Q
where u(x, t) is the solution of Cauchy problem (7), with initial condition

u(x,0)=¢(x) > 0 and ¢ € S(Q}). Since

u(x’t>:JXp(—x-E)e_mf@ﬁ(f)d”é',
Q
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by Riemann-Lebesgue lemma, we get

u(x,t)— 0 as ||x|, — oo. (11)

If #(x,t) <O, then there exist x, € Q) and £, € (0, T'] such that

inf )= t 0. 12
oglzngr,u(x’ ) ”(xOs o)< (12)
x€Qj

This implies that (W, #)(x,, ;) < 0, and %(xo, ty) < 0. Since u(x,t) is the

solution of Cauchy problem, we have that

%(x, t)+(Wyu)(x,t)=0.
Thus (W, #)(x,, t;) =0, then by (3), #(x, t,) is constant, and by (11) we have
u(x,t,) =0, which contradicts (12). O

Markov Processes Over Q;

We will denote by 98(Q7) the o-algebra of the Borel sets of Q. Following the
notation in [29], we denote by 98, the family of subsets of Q) formed by finite
unions of disjoint balls and the empty set. By Carathéodory’s Theorem we
conclude that if u is a o-finite measure on 98, then there is a unique measure
on 9B8(Q%) (also denoted by ) extending .

Definition 5.1. For E € #(Q}), we define

T 1, =Z,(x)x1g(x) 1if t>0,

Pl k)= {1E(x) if t=0.

Remark 3. By Lemma 4.7, we have that p,(x,-) >0 forall >0 and x € QZ,
we also know that

pt(x,E):pr(—x-f)e‘kmf(‘{)l/;(é') d*&, fort>0andx€Q).
@

The following lemma is a consequence of above remark and Lemma 5 in [29].
Lemma 5.2. p,(x,"),t 2 0,x € QY, is a measure on B(Q7}).

Lemma 5.3. p,(x,Q})=1, forall t > 0and x € Q).
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Proof. The result is a consequence of Definition 5.1 and Theorem 3.9 (i1). [

Lemma 5.4. The function p,(-,E) is a Borel measurable function for all t >0
and E € B(Q).

Proof. The proof is similar to Claim 2 in [29]. O

Lemma 5.5. The value py(x,{x}) =1, for all x € Q.

Proof. This is a direct consequence of Definition 5.1. O

Lemma 5.6 (The Chapman-Kolmogorov equation). Forall t,s >0, x € Q]
and E € B(Q}),

pens(E) = j p,(e,d")p. (0, E).
Q;

Proof. The proof is similar to Claim 4 in [29]. O

Lemma 5.7. The transition function p,(x,E) satisfies the following two
conditions:

() L(E). For each s >0 and compact E C Q},

lim sup p,(x,E)=0.

llx[l,— 0 0<r<s
(it) M(E). For each € >0 and compact E C Q,
lim sup p,(x, @} \ B (x)) =0.

Proof. L(E). By using the compactness of E, there exists a ball By, such that
E C B}, and thus

0< peE) < [ syl OTHHOTL(E) drE
Q
_ pnN )(p(_x . é')e—ktAf(E)leN(é’) dr

Q

— N <e—/€tAf(5)1Bﬁ (5))(,5),

N
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therefore

0< lim p(x,E)< lim p™F (4O, (£))(x)=0,

lIxl|, o0 lIx], o0
where the last equality follows from Riemann-Lebesgue’s Lemma.

M(E). Note that y € Q) \ B(x) <= |[x—y||, > p°. Then by Fubini’s
Theorem we have

P60\ B (x)) = f Z,(x—)d'y

lx—ll,>p¢
=1— J Z,(x—y)d"y
el <pe

=i [ ([ mmn pet g )an

lk—ll,<pc

:1_Je_/emf<§)< J Xp(z.é’)dnz>dn€

Q; llzIl, <p*
— 1_pne J e—ktAf((f) dné',

IEN],<p~

now by Lebesgue’s Dominated Convergence Theorem,

lim sup p, (x, Q) \ B/ (x)) = lirgl sup<1 —p” f e ktAr(€) d"§>

1=0% yep 1=0% v ef
IE]|<p—
lI€]I<p—
=0. O

Theorem 5.8. The function p,(x,-) is the transition density of a time and space
homogeneous Markov process T(t, w), which is bounded, right-continuous, and
has no discontinuities other than jumps.

Proof. Tt is sufficient to use Lemma 5.7 and [30, Theorem 3.6] together with
the observation that (Q7,||x||,) is a locally compact Hausdorff space with a
countable base. O
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The First Passage Time Problem

In this section we study the first passage time problem of a path of the Markov
process T(t,w).

By Proposition 4.3 the function

(1) = Z,(x) < | Jel]) = j 1Oy B, 13)

Zy

is a classical solution of

du
dt
u(x,0) =Q(|x[|,,)-

(x,0) =—(Wyn)(x,t), x€Q), t >0, (14)

Now, for E € #(Q7}) we define

(u(,t)x1;)(x), fort>0,
1.(x), t =0.

qt(x,E)={

This g,(x, E) is a transition function of a Markov process T(t, ). Thus, there
exists a probability space (9,8, P) and Z(z,-) : (9,5, P) — (Q}, B(Q},d"x))

is a random variable for each t > 0. Note that
P({wed : T0,0)eZ)})=q,0,Z))=1.

Definition 6.1. The random variable TZZ(O)) :9) — R, U {400} defined by
inf{z > 0| (¢, w) € Z} and there exists ' s.t. 0< ¢/ <t and T(¢', ) ¢ Z}}
is called the first passage time of a path of the random process ¥(¢, w) entering
the domain Z7.

Lemma 6.2. If u(x,t) = Z,(x) = Q||x|| ) for t > O, then u(x,t) is pointwise
differentiable in ¢, furthermore its derivative is given by

du
E(x, t) :—/eJ)(p(—x . f)e_ktAf(5>Af(£) d"&, fort>=0.

14

Proof. The proof is a straightforward application of Lebesgue’s Dominated
Convergence Theorem. O
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< 1
\Z; | f(y)

function for a path of T(t, w) to enter into 7)) at the time t, with initial condition
T(0, w) € Z 15 given by

_ (y’ ) n
g(t)_kj Fors ¢

Q\Z;

Lemma 6.3. If C := — —d” > < 1, then the probability density
b

Proof. The survival probability S(¢) is the probability that a path of T(z, w)
remains in Z at the time ¢, i.e.

= SZZ(t) :f u(x,t)d"x

By using Lemma 6.2 and Lebesgue’s Dominated Convergence Theorem,

S’(zr)_fgu X, t)dn —kff — u(x, t)d”yd"x

a+ 7
ZV! Qn

(’)n n
_/eff a+§ d”yd”x

Z” Z”

by

2y Qp\Zp

Now from equation (13) we have that (x —y,t)—u(x,¢) =0 for x,y € Z7,
in effect

u(x—y,t)= J)(p( (x—y)-&)e F4©) drg

— J e—ktAf(E) dné’

Zy

N

= u(x,t),
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consequently,
lef J t)_I:(x’t)dnydnx.
>|a+g

Zn Q}’I\ZVI

_—]ef f %(x t dnydnx_i_kf f pt(x—a—i_)dnydn
)t ) VO
:—/ef f (x,t)d"x+k f —+>d” d’x.
T3
QVI \Zﬂ Z; Zﬂ Qﬂ \Zn |f( )|

Now if x € Z} and y € Q) \ Z}, then

w(x—y,t)= pr( —x &)y, (- E)eHA ) d"E = u(y,1),

therefore
S%”_<_ZA%DQ£§7dj>“w+<24gpgji%dn> (15)

On the other hand, since there are no external or internal sources,

S'(t) = { Probability that a path of } . {Probability that a path of }
~ (¢, w) goes back to Z7 at time ¢ T(t, w) exits Z} at time ¢

—g(t)—C-S(t), with0o<C<1

Finally, comparing (15) and the last equality we get the desired formula. [

Proposition 6.4. The probability density function f(t) of the random variable
7(w) satisfies the non-homogeneous Volterra equation of second kind

o(t)= f T gt (F)dr 4 £(0) (16

Proof. The result follows from Lemma 6.3 by using the argument given in
the proof of Theorem 1in [2]. O
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Lemma 6.5. Forall s,k >0, and z € 2, with ||z||, = 1, we have

o< [ el
s+ Ck s+kA/(2) s+Ck

l|Il ,=1

Proof. Tt is consequence of Lemma 3.7. O
Proposition 6.6. The Laplace transform G(s) of g(t) is given by

_ 1 X<y
Gl)=* f f(y):+ZZJns+/eAf(§) d"e d’y.

Proof. Fors € CwithRe(s) > 0, we have e ™" |f(y)|;a_”/de_tkAf<5) Qg €

L1<(O, 00) X (Q}\ Z}) x Q},dt d"y d”g) and the formula follows now from
Lemma 6.3 and equation (13) by using Fubini’s Theorem. O

Definition 6.7. We say that T(¢, w) is recurrent with respect to Z if
P({a)é@:’rZ;(a))< oo})=1. (17)

Otherwise, we will say that (¢, w) is transient with respect to Z7.

Proposition 6.8. The Laplace transform G(s) of g(t) is given by the expression
G(s) = G(s) + G,(s), where

- | K(=p* 77 %)
G (S) -k p—day—nc? f _ f ? d"zd"x
=k22, G 7, TR AD)

Il =1 el =1
and
Gz(s):kiip_m—na J 1a+" J _clzaa Jardix.
e RGO P SR )

Proof. A direct calculation shows that
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1 Xp(—€ )
G(s)=k — d”&d’y
@mnvoopdif+kAA5>

PNTP

o — 1 )(p(_g y)
—k _ — — d"&d”
Y—ISZ:; J_ Ol J s kA (C) ’

Ill,=p" IEl,=p~
* & 1 2p(—E )
—k J 2 L dred
2 O s+EA) "0
prsl,=t Ol o] |=
_kiip‘m—n& J ! J 12 ) d"zd"x
i i |f(x);+%“ - s+kp=deSA(z)
x|, = z||,=

From where we obtain

- ol 1 1Pz )
6=k 3t [ — [ A s
e =V (x);dnznp:l SHkp A 2)

Il
b —d(zy—nSJ J d7z d”
aSS S ——-

r=to=y GO/

=: G,(s)+ G,(s). O

n .
=, and transient

Theorem 6.9. T(z, w) is recurrent with respect to Z; for a > y

with respect to 7, for a < 7

Proof. By taking Laplace transform in (16), we get

G(s)

E(s)=2{f()}(s)= 11 GG)

where G(s) := £ {g(¢)}(s). Hence

F(O):JO f(t)dt:1—1+1c;(o).

In order to get the recurrence for T(t, w) is sufficient to show that

G(0)=1lim G(s) = oo,

s—0
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and to prove that it is transient that

G(0)=lmG(s) < o0

s—0

If we take s = p~9%% = p=4%7 then s — 0% ¢ y — 00(8 = ). Now, taking
only the first term of G,(s) we conclude that

d7x o0 p—da—n8 1 ;
a+5 —dad kA d"z
i N 0507 1+ R4 )
?

G,(s) >

ll[l,=1

da d”zd"x S (pia
= p d f J a+d kA Zp + d
1 2], =1 F @), (14 RAL(2)) 8=

1],

—429) < 0o, if @ > -, then the value

and G,(s) diverges if « > g Since G,(p d ,

G(s) = G,(s) + G,(s) diverges.

Finally, using Lemma 6.5, we have that

00 1 1
day—nd n, n
< | e | g

o= ||x|| O
< kl—P_n f Zzp—day n3+a’a3
Cik il |f(x);+d y=18=0
x|l,=
Therefore lirc1)1+ G(s)< oo fora < % O
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Funciones no radiales, operadores no locales y procesos
de Markov sobre nameros p-ddicos

Resumen: El objetivo principal de este articulo es estudiar una nueva
clase de operadores no locales y el problema de Cauchy para ciertas
ecuaciones diferenciales de tipo parabdlico asociadas naturalmente con
ellos. Las soluciones fundamentales de estas ecuaciones son funciones de
transiciéon de procesos de Markov en un espacio vectorial #-dimensional
sobre los nimeros p-adicos. También se estudian algunas propiedades
de estos procesos de Markov, incluyendo el problema del tiempo del
primer retorno.

Palabras claves: procesos de Markov; analisis no arquimediano;
operadores no locales; numeros p-adicos.

Fungoes nao radiais, operadores nao-locais e processos
de Markov sobre nimeros p-ddicos

Resumo: O principal objetivo deste artigo é estudar uma nova classe
de operadores nao-locais e o problema de Cauchy para certas equagoes
pseudodiferenciais de tipo parabdlico naturalmente associadas a elas.
As solugoes fundamentais dessas equagoes sao funcgoes de transicao
dos processos de Markov em um espaco vetorial #-dimensional sobre
os numeros p-adicos. Também estudamos algumas propriedades desses
processos de Markov, incluindo o problema do tempo do primeiro
retorno.

Palavras-chave: processos de Markov; analise nao-arquimediana;
operadores nao-locais; nimeros p-adicos.
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