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In this paper we prove that every T, Alexandroff topological space (X, 7) is homeomorphic to the
avoidance of a subspace of (Spec(A), 77), where Spec(A) denotes the prime spectrum of a semi-ring
A induced by 7, and 7 is the Zariski topology. We also prove that (Spec(A), 7) is an Alexandroff
space if and only if A satisfies the Gilmer property.

Keywords: Alexandroff space; avoidance spectrum; Zariski topology.

1. Introduction

Among the topological spaces that satisfy only low separation axioms (unless they are discrete)
we have the so-called Alexandroft spaces (those for which arbitrary intersections of open sets are
open).

If 2% denotes the power set of X with the product topology, in which 2 = {0, 1} has the discrete
topology, we can view 7 as a subset of 2%, Uzcétegui and Vielma [6] proved that a topological
space (X, 7) is Alexandroff if and only if 7 is a closed subset of 2X. Also, if 7 is a topology on X
then 7, the closure of 7 in 2%, is a topology on X, and it follows that 7 is the smallest Alexandroff
topology on X containing 7.

In this paper we use a commutative semi-ring structure A on 7, by defining the addition and the
multiplication as the union and the intersection, respectively (Section 2). For any x € X there
exists a particular ideal ®_(x) of 7, namely {U € r : x ¢ U}, which we call “the avoidance”
ideal of x. It turns out that, as we show in Section 3, ®_(x) is a prime ideal of = and it plays an
important role in comparing Alexandroff topologies that satisfy the axiom T, with a particular
subspace of the prime spectrum of = with the Zariski topology. More specifically, we find a
homeomorphism between X and the collection of all avoidance ideals of elements of X. Finally,
in Section 4, we give a solution in the context of semi-rings, to a problem proposed by Gilmer [1],
that is a characterization of the rings that satisfy the property that for every family of prime ideals
{p, : a € J} such that N c;Pp, C p for some prime ideal p, then there exists an @ € J such that
P, C p (Theorem 4.2).

2. Preliminaries

If (X, ) is a topological space, we say that 7 is an Alexandroff topology if any arbitrary intersection
of open sets is open, see Munkres [5].
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One way to approach the study of Alexandroff spaces is by considering an algebraic structure
on 7. In fact, for any topological space (X, 7), we can consider 7 as a commutative semi-ring A,
where addition and multiplication are given by the union and the intersection, respectively, and
the corresponding neutral elements being § and X, see Golan [2].

In the case of Alexandroff topologies we get some interesting results by working with some
particular ideals of 7. For any x € X, we consider the set

O (x)={Uer:x¢gU}

which is, obviously, an ideal of 7. We call this ®_(x) the avoidance ideal of x (because, somehow,
its members avoid x.) Our first characterization of Alexandorff spaces is obtained by considering
the avoidance spectrum (or simply, avoidance) of X, which is given by

A (X)={D.(x) : x€ X}
The proof of such a result involves the principal ideal generated by any set A € 7, that is
(Ay={U er : U C A}.
In this setting we obtain the following property of Alexandroff spaces.

Lemma 2.1. If 7 is an Alexandroff topology on X, then every family of principal ideals is closed
under arbitrary intersections.

Proof. Suppose that (X, 7) is Alexandroff and {t, : « € J} is a family of principal ideals of 7.
Therefore, for each @ € J we have i, = (U, ) for some U, € . Then

ﬂia=ﬂ<va>=<ﬂva>. O

ael aed ael

Some of the main properties of avoidance ideals are given in the following propositions.

Theorem 2.2. The avoidance ideal ®_(x) is a prime ideal, for all x € X.

Proof. Clearly, ®_(x)isanidealof 7. f U,V € rand U NV € ®_(x),thenx € UN V.
Therefore, either x € U or x & V, which implies that either U € ®_(x) or V € ®_(x), thus
@ _(x) is a prime ideal of 7. O]

The proof of the next lemma is almost obvious, especially if we note that if x,y € X, then
®_(x) c @ (y)if and only if {y} C {x}.
Lemma 2.3. Let t be a topology on X. Then the following conditions are equivalent:

1. The topology t is T,

2. If x #y, then ®_(x) # D_(y).

Now, we present a result involving spaces that satisfy a special property related to intersections of
ideals.

Theorem 2.4. Let 7 be an Alexandroff topology on X and x an arbitrary point. For any family
{t, : « € J} of ideals of 7, if

)t €.,

acJ
then, there exists an @ € J such that i, C ®_(x).
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Proof. Letx € X and {t, : « € J} a family of ideals of 7 such that

[ te € 2.(x).

aed

If i, £ ®,(x) for all « € J, then for each @ € J, there is a V, € i, such that V, ¢ ®_(x).
Therefore x € V, foralla € J. If V =N, ;V, wehavethat V e rand x € V.

On the other hand V' € t, for all @ and V' € 7, but this implies that x ¢ V, which is a
contradiction. ]

3. Alexandroff spaces and the avoidance spectrum

The main theorem of this paper shows a comparison between a T, Alexandroft topological space
(X, 1) and A_(X), the latest seen as a subspace of the prime spectrum of = with Zariski topology.
Recall that for a semi-ring A the prime spectrum, or simply, the spectrum of A is the collection

Spec(A) = {p : pis aprime ideal of A}.
If ©is an ideal of A we denote by v(i) the following set
{p : pisaprimeideal of Aandt C p}.

The Zariski topology t, is the one on Spec(A) whose closed sets are of the form v(i). For more
details see Hungerford [3] and Lang [4].

Let us note that when this construction is carried out for a topological space (X, ), then for
every x € X, we have that ®_(x) € Spec(r). Finally, in this context, we obtain that if 7 is a T,
Alexandroff topology, then the map from X into A_(X), x = ®_(x) is a homeomorphism, as
will be proven later. The next example illustrates this fact.

Example 3.1. The collection
r={0,{1}, {2}, {12}, X}
is a Ty Alexandroft topology on X = {0, 1,2}. Then Spec(z) = {a, b, ¢}, where

a={0,{1}},
b=1{0,{2}},
c={0,{1}},{2}}.{1.2}}.

Then Spec(r) = {p,%,a,b,¢, D, 7}, and

n(o) = {o0,%,a,b,¢,0,7},

n® = {&},
n(a) = {a,c,d},
n(b) = {b,c,d},
n(e) = {c, d},
n(d® = {b}.

On the other hand, we have that the Zariski topology is

77 = {0, {a}, {b}, {a, b}, A, (X)}.
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Therefore, we have

©.(0) = {0, {1}, {2}.{1.2}} =¢,
(1) ={0.{2}} =D,
©.(2)={0.{1}} =a.

It is clear that the map y : X — A_(X), defined by y(x) = ®_(x), is an open bijection. The
next theorem will show us that y is a homeomorphism.

Theorem 3.2. A T, Alexandroff topological space (X, 7) is homeomorphic to .4 (X ) with the
subspace topology from the Zariski space (Spec(7), 7).

Proof. We prove that the function y : X — A _(X) defined by y(x) = ®_(x) is a homeomor-
phism. Since 7 is a T, topology, we have that y is injective, and therefore it is bijective. If  is an
ideal of 7, then v(i) N A _(X) is a closed set in A (X).

Then, we have

v NA(X)={xeX :1CD,(x)}
={xeX :xgUforallU € i}

={xeX:x¢UU}

Uei
=x\{Ju.

Uei

which is closed in X and therefore, y is continuous.

Now let U € r, we prove that w(U) is open in A_(X). Since U & w(x) for every x € U
and U € y(y) for all y ¢ U, this means that (U) C ®_(y) for all y € U. Then we have that
w(z) e v((U)) forall z ¢ U, and w(z) ¢ v({U)) for all z € U. Therefore

A \ywU) ={y(z) : zg U} =v({(U)).
Thus w(U) is open and y is a homeomorphism. O

Let us note that if the space (X, 7) is T, (X, 7) is T,. Then we have the following result.
Corollary 3.3. If 7 is a T, topology on X, then the space (X, 7) is homeomorphic to A-(X).

Finally, the next example illustrates the fact that the hypothesis about the topology 7 being T, in
Theorem 3.2 cannot be dropped.

Example 3.4. If X = {0, 1,2}, then the collection
= {0,{2}, X}
is an Alexandroff topology on X which does not satisfy the axiom T, and we have

©.(0) = {0, {2} },
@ (1) ={0,{2}},
@.(2) = {9}

Then X and A_(X) = {{0}, {@,{2}}} are not homeomorphic.
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4. Alexandroff spaces and the Gilmer property

In this section we investigate some additional aspects of (Spec(A), 7,), when 7, is an Alexandroff
topology. The following results are related to a problem set by Gilmer [1]. The problem is about
obtaining characterizations for commutative rings A such that:

(G) for every family of prime ideals {p, : @ € J} such that N c;p, C p for some prime ideal
p, then there exists an @ € J such that p, C p.

ER]

In the context of our investigations we work with semi-rings and call (G) “the Gilmer property.
Let us start by setting some notation. Denote by #(1) the nil radical of t, that is, the intersection
of all prime ideals containing . It is clear that v(i) = v(n(i)). When #(1) = t we say that 1 is
semi-prime. Let us note that for any ideal t there exists a unique semi-prime ideal containing t,
namely #(t). Therefore, if 7, is the Zariski topology on Spec(A), then the 7,-closed sets are of
the form v(t) for some (unique) semi-prime ideal © of A and the z,-open sets in Spec(A) are of
the form
Dy (i) = Spec(A) \ (i),

and uniqueness of i for #(t) implies it for Dy(t). The following proposition establishes a relation
between the families

{V(i'a)}aej and {n(i’a)}aej,
for a set of indexes J.
Lemma 4.1. Let A be a semi-ring and let {1,},c; be a family of ideals in A, such that
U v = v
aeJ

for some ideal i of A. Then
(@) = (] nGia).

acd

Proof. Since v(i,) C v(j) for all @ € J, then 5(j) C #(i,), therefore

n(§) € [) n(iy)-

aeJ

On the other hand, suppose that x € ﬂae 7 1(t,) and x & 5(3). Then, there exists a prime ideal p
of A, such that p € v(j) and x & p. Now, by hypothesis, there exists an @ € J such that p € v(i,)
and, since x € #(i,) C p, we get a contradiction. ]

Theorem 4.2. Let A be a commutative semi-ring. Then (Spec(A), 7,,) is an Alexandroft space if
and only if A satisfies the Gilmer property.

Proof. Suppose that (Spec(A), 7,) is an Alexandroff space and p € Spec(A), such that

[ Pa C P,

for a family {p, : @ € J} of elements of Spec(A). Now, since v(p,) is closed in Spec(A), then
we have that U, ;v(p,) is closed. Therefore, there exists a prime ideal j of A, such that

U vt = vii.

aeJ

Universitas Scientiarum:97—106

http://ciencias.javeriana.edu.co/investigacion/universitas-scientiarum


http://ciencias.javeriana.edu.co/investigacion/universitas-scientiarum

102

Alexandroff Spaces

Then, Lemma 4.1 implies that

nG) =) 1) =[] Pe-

aeJ ael

Then j C p and therefore
pelJvvo)

ael

which implies that p € v(p,) for some a € J. Then p, C p and A satisfies the Gilmer property.

Conversely, suppose that A satisfies the Gilmer property and let {U, : @ € J} be a subset of 7.
We prove that if
U={)U.

acJ

then U € 7. In fact, for every @ € J there exists a semi-prime ideal i, such that U, = D(i,).

Now, let us prove that
v ﬂ i, | = U Vv(i,).

aeJ aeJ
It is clear that
U v(t,) Cv ﬂ t, |,
aeJ ael

since [,y 1 C i, forall @ € J. On the other hand, take p € v([)

[t <.

aed

weJ ta)» then

Now, since each t, is semi-prime, then every t,, is an intersection of prime ideals and, therefore,
p contains an intersection of prime ideals. By hypothesis, there is a prime ideal q such that q C p
and q € v(i,) for some a € J. Then

pe vy
aed
and
U=()D,)=Do| ()i ]
ael ael
which implies that U is 7,-open and therefore (Spec(A), 7,) is an Alexandroff space. ]
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El espectro de evasion de espacios de Alexandroff

Resumen: En este articulo demostramos que todo espacio topolégico T, de Alexandroff
(X, 7) es homeomorfo a la evasion un subespacio de (Spec(A), 7,,), donde Spec(A) denota el
espectro primo de un semianillo A inducido por 7, y 7, es la topologia de Zariski. También
demostramos que (Spec(A), 7,) es un espacio de Alexandroff si y solo si A satisface la
propiedad de Gilmer.

Palabras Clave: espacio de Alexandroff; espectro de evasion; topologia de Zariski.

Universitas Scientiarum:97-106 http://ciencias.javeriana.edu.co/investigacion/universitas-scientiarum


http://ciencias.javeriana.edu.co/investigacion/universitas-scientiarum

Vielma & Mejias, 2024. 105

O espectro de evitacao dos espacos de Alexandroff

Resumo: Neste artigo provamos que todo espaco topolégico T, de Alexandroff (X, 7) é
homeomorfico a evitagdo de um subespaco de (Spec(A), T,), onde Spec(A) denota o espectro
principal de um semianel A induzido por 7, € 7, € a topologia de Zariski. Também provamos
que (Spec(A), T,) € um espaco de Alexandroff se e somente se A satisfaz a propriedade de
Gilmer.

Palavras-chave: espaco de Alexandroff; espectro de evitacdo; topologia de Zariski.
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